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PREFACE

The AGARD Subcommittee on Aeroelasticity heard two short presentations during
the Spring 1981 meeting in (eme, Turkey.

Mr Dat of ONERA presented a lucid exposition of the ground vibration testing of
aircraft with active control systems. Dr Freymann of Luxembourg (and DFVLR) presented a
method to perform and interpret dynamic tests on nonlinear systems, such as control surface
actuators.

The Subcommittee unanimously agreed to publish the two papers in one AGARD report
since they are an important contribution to the technology of active control.

JAMES J.OLSEN
Chairman
Subcommittee on Aeroelasticity
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IDENTZFICATION DES MODES PROPRES D'UNE STRUCTURE A PARTIR DES REPONSES
A UNE EXCITATIO(N NON APPROPRIE

par Rolland Dat et Philippe Dunoyer

Office National d'Etudes et de Recherches Adrospatiales (ONERA)

92320 - Chatillon (France)

REbUME

On prdsente deux mithodes qui permettent de traiter les rdponses harmoniques
d'une structure en un grand nombre de points pour ddterminer lea modes propres de vi-
bration, sans que l'excitation ait besoin dtOtre appropride. La premibre de ces md-
thodes, plus synthdtique, d~termine l'ensemble des caractdristiques modales par rd-
solution d'un systtme d'dquatiotualgdbriques ; la seconde, plus analytique, proc0de I
une isolation de chacun des modes en combinant lee r~ponses harmoniques des diffdrents
points de la structure.

Les rdsultats montrent que ces m6thodes permettent d'obtenir une moddlisation
satisfaisante de Ia structure a travers Ia reprdsentation modale

SUMMARY

IDENTIFICATION OF THE EIGEN MODES OF A STRUCTURE FROM THE RESPONSES
TO A NON APPROPRIATED EXCITATION

The two methods which are presented use the harmonic responses, at a large
number of points on the structure, in order to determine the eigen modes, without
necessitating an appropriation of the excitation forces. The first one of the methods,
which is more synthetic, determines the set of modal characteristics through the re-
solution of a set of algebraic equations ; the second one, which is more analytic,
proceeds to a separation of each mode by combining the harmonic responses of the dif-
ferent points of the structure.

The results show that the two methods give a satisfactory modelisation of
the structure through i-he modal representation.

- CO IENTION -

T

C) . transposde simple

( -) transposde conjugude T"

v: v" f ,v"
V 

V 
+ 

V,
"

V/-A



2

INTRODUCTICE

Lea mithodes d'esaai de vibration visant A d~terminer lea modes propres d'une structure
peuvent as diviner en deux catdgories :celles qui pasuent explicitement ou non par l'appropriation de
l'excitation et celles qui ne n~ceaaitent pas l'appropriation. A l'Epoque ou l'on ne diaposait pas de
moyent de calcul rapidem sur lea lioux des ossaia, il fallait isoler chacun des modes de la structure
par une excitation appropride avant de pouvoir d~terminer sea caractdristiques, [1) A f 3 ) . Main
l'avbnement des ordinateura rapides et peu encombranta of fre, depuis queiques anndes, Ia poasibilitd de
ddvelopper et d'appliquer de nouvelles mdthodea dena leaquelles lea rdponses vibratoires de la structure
subissent un traitement complexe impliquant le calcul de syatbmes & plusieurs degrds de libertd.

Certaines de ces mdthodes partont de pluajeura essaja effectuda avec des excitations non
approprides main inddpendantes et font un traitement par le calcul qui revient A rechercher, de fagon
explicite ou non, Ia combinaison dleaaais non approprids simulant au mieux un easai approprid. (41 1 [6).

Ces mdthodea appartiennent donc A Ia catdgorie de cella. qui passent par l'appropriation
de l'excitation. En principe elles ne peuvent etre appliqudes que si lea excitations inddpendantes atta-
quent tous lea degrds do libertd de la structure de manibre A permettra Ia reconstitution, par combinai-
son lindaire, d'une excitation appropride. En pratique il suff it qu'ellea attaquant lea degrds de libertd
intervenant de fagon significative dana la gamme de frdquence considdrde.

Les mdthodes qui a'affranchisaent rdellement de l'appropriation parmattent de d~terminer
lea caractdristiques de plusieurs modes avec une seule rdpartition desforces d'excitation. De ca fait
elles apportent una simplification considdrable sur le plan expdrimental at ales offrent Ia possibilitd
de rdaliser des easais significatifa dans lea cas oO la structure ne paut Otre axcitie qu'an un nombra
limitd de points, voire mA-ne en un saul point.

Le lissage des fonctions de transfert par des fractions rationnelles, devanu classique
depuis quelquea anndes, eat une de ces indthodes. Il na sera pas ddcrit ici, parca qu'il a ddjA fait l'ob-
jet de plusieurs publications, [7] A [101 , et nous nous bornerons A rappeler qu'A chaque degrg de
libertd (ou A chaque pont) de la structure, il fait correspondra une fraction rationnelle dont lea p8les
s'identifient aux p8les de la structure elle-m~me, tandis qua lea rdsidus ddfinissant la formes propras.

Le lissage par fraction rationnelle a dtd appliquE par I'ONERA A una structure du lancaur
ARIANE axcitge en une seule section. Las modes sont ddterminds de fagon satiafaisanta, du momns pour lea
points de granda amplitude, main lea tamps de calcul sont asaaz longs at la mdthoda prdsanta 1'inconvd-
nient de donner des p8les entachds d'una erreur expdrimantala diffdranta d'un point A l'autre de Ia struc-
ture.

La prdsent exposE eat limitd A deux mdthodes qui ne prdsantent pas ce dernier inconvdnient,
car alles prennent en considiration l'anaambla des points de la structure pour d~terminer chacun des p~les
et ne fournissent donc qu'un saul p~le par mode. La premiare de ces mdthodes, plus synthdtique, d~termine
l'ansemble des caractdriatiques modalas par rdsolution d'un systbme d'Equations algdbriques ; la seconda,
plus analytique, procbde A une isolation da chacun des modes en combinant lea rdponses harmoniquas des
diffdrents points de la structure.

Cen mdthodes peuvant a'appliquer A n'importe quel systbme rdgi par un syst~me d'Equationa
diffdrentielles lindaires A coefficients constants, main c'eat uniquement l'application aux structures
qui sera ddveloppde at illustrde ici.

Remarquona, pour terminer cette introduction, quk si cas m~thodes a'accommodent d'una exci-
tation non-appropride, il ne faut pas en ddduira qua l'axcitation peut etra quelconque. La d~termination
d'un mode n'eat possible, an affat, que si l'excitation lui fournit assez d'dnergie pour qu'il dmerge
suffisamment des rdponsen vibratoiras. A ddfaut d'6tre approprida, l'excitation doit donc possedar un
minimum d'efficacitd pour lea modes qua V'on ddsire identifier.

I - METHODE DE SYNTHESE HODALE

La structure eat assimilde A un systbme lindaire diacrat A ni degrds de libertd rdgi par

l'dquation du second ordre

lX + SA +KX L

00i M et Ka sont des matrices rdelles, symdtriques, positives, A coefficients constants,
do dimension -n X -

X et E sont des colonnes de dimension 11. qui d~pendent du tampa X (Q eat le vecteur
rdponaa &" isystme et E M le vecteur excitation.

(n sdmottra quo lea variables X qui constituent le vecteur X sont accessibles A la
meauro et qu'ellea sont inddpondantes. k I

En rigimo harfonique, XCI) et E(A) sont romplacds par X e at E: e ,X et

S ddsignant dens ce can des colonnos indipendantes do t. on a

[wM +AwB* +K X E 1-1-2
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La colonne E eat rdelle si l'oxcitation eat dguiphaode et pri,9e.our rdffrence do phase.
Dana ce qui suit on adwttra quo cette condition eat rdaliedo done lea easei ,o.aidirga
Au coura do l'easai harmonique, I'excitation JE eat impoade et V'on ddterwine Ie vecteur rdponae I
I partir desassoures de d~flexion. On considbre lea rdaultatm obtenus lota d'un balayage en frdquence ef-

fectud avec un voctour excitation £E inddpendant do Is pulmation tjn

1-1 DUtermination des produits matriciels M at ~ M C
Compte tenu de le syitrie do. matrices M a e IC , 'dquation (1-1-2) pout

o'4crire

-Dana cetto dquation, le vecteur X U(AO) eat connu et lee matricem Ki M S et

nt sont inconnues.
L'dquation (1-1-3) no pout pam etre rdsolue directement. Do plus, done la plupart des ap-

plications pratiques, cule no pout Atre vdrifido quo do fa~on approchde & toutos los valours do W .
parce quo Is meaure du vocteur X eat entachde d'orreure et quo la structure easayge n'est pas rigou-
reusoment conforme au umodble lindaire, discret, du second ordre.

Une solution approchde rout @tro obtenuc, pour chacune des colonnes do la matrice inconnue,
on cherchant le minimum du acalaire t:.ddfini par:

O0e at le vectour cd qui extrait la r colonne. En rdaolvant co problbme do minimum comme indi-
qud dna l'annoxo A, pour toutos lee colonnos (r 1 L on obtiont la solution

E r1JRIj[" I U
0 0

1-2

L'dquation (1-2) d~termino danc la matrice inconnue h partir du vocteur X (4(4). on dC-

duit lea produits matriciols M" K I M' j et ME en transposant.

En pratique, lea int~grales do 0 1 1'infini peuvont Atro remplacdem par des somations our

lea frdquencom do meaure.

1-2 DUtermination des caractdristiques modalos.

La reprdsentation modale oat rdalisfe en effectuant le changement do variable qui rend
lea matrices do masma et do raideur diagonales. Co changement do variable eat ddfini par uno matrice in-
connue e carrfe, rdgulilro, de dimonsion i'uI . onea

o~9 opdanttinmd9 a 1-3-1
o01 at la colonno des variables de I&rpA setto oae

En substituant dana (1-2) ot en primultipliant par ,il vient:

[(w MIq3xU 4= QW 1-3-2

avac:

X=OK91-3-4

1-3-5

11 faut diterminar I* atr qirn 1Aet ~'diagonalem, aprila quoi on dovra

d4terminer lea matricaes/ at Lf lles-mmsat orIs matrice f3
Pour ditrainar e ,on part du produit matricial M K ddduit do l'dquation (1-2).



D'aprbs (1-3-3) et (1-3-4) on a WI K~

Le produit nstriciel eat ia diagonale des valeura propres du syatbme conservatif associd. En posant

14 t y =t4-t141

on diduit que lea pulsations propres V et lea vecteura e. de ia matrice e9 sont lee solutiona du
probl1'Aerr

r r 1-4-2

Connaissant Is matrice 9 et le produit marriciel I*,d~duit de I'dquation (1-2), on ddtermine le
produit matriciel I 1P d'spra (1-3-3) at (1-3-5)

f~i~ 0MB1-4-3
Enfin, pour ddterminer Ia ratricep il faut partir des vecteura!Uf'ddduitsde l'dquation (1-2). On
a: 

IM

d'oct, /A dtant diagonale, at , en ddsignant par/ l'4l6ment e/4 e

/ a GF IffE.F 1-4-4

1 9 L ddigne la r amteirne du produit matricieiE atdmepor .e1E
On remarque qua la matrice de changement de variables e9 et les produits matriciels,,,w

atU( sont ddterminfa 41 partir du vecteur rdponse, X(iw) , sans qu'il soit ndceasaire de connaitre
Il'excitstion E .celle-ci n'intervient que does formule (1-4-4) pour le calcul des masses gdndrsli-
odes Ap

2 - IIETH ',E D' ISOLATION Mf)DALE

2-1 Can gdndral. Dane la mdthode prdsentde done ce paragraphe, l'isolation des modes eat rdaliede en
superposant lindsirement lea rdponses des diffdrenta degrda de libertd A une excitation harmonique.

Comme dona le psragrsphe prdcddent, la structure eat assimilde A un systb-me lindaire discret
A ?L degrds de libertd rdgi par l'dquation.:

MX B+ ( X = £
on obtient Ia forms canoniqus en posant :

Z (A) 2-I

A = I Pf K - -fS2-3

Il vient2-
Z(Aw)= 1A~D' 2-4

La matrice A eat carrde, de dimension 2 .p, x 2'fl

e t I~ sont des colonnes de dimension 2 nL

z 4wi) eat I. vecteur d'Etat du systbae.
2-1-I Principe do la adparation modale

Suposoe qa A poaasde 21L valours propres diatince at ddsignonspa t levcur
propres, respectivoment A droite at I gauche, de 4A . ee etur r t U o rthogonaux, pour

# a t mi, de plus, lee vacteurs @ant convenablement norfuisa, ou a

=T XI. ( symbole de Kronecker)
if U, tc



Lee , t t r constituent lea 41&uents de Is ddcomposition en 6l6ments simples du vecteur
%k k

En pr~mltipliant par l'un des vecteurs '1 ,puis en transposant, on obtient l'Equation

rwr

Cette dquation montre que Is superposition des variables d'Etat ddfinie per le vecteur 1'isole un mode
propre du systae.r

Connaiant le vecteur d'Etat Z (qui peut 6tre d~duit des mesures de rdponse dans un essai harmonique
avec b ayage en frdquence), on peut trouver les solutions de (2-6), c'est-&-dire lea I1J et lea
par itgration.

2-1-2 Recherche des solutions (V~)par itfration

Lea vecteurs V peuvent Otre normalises de facon arbitraire. Si on les normalise en posant

1 2-7

l'dquation (2-6) deviant

z ' to,~g 2-8
Lea solutions de cette Equation peuvent slobtenir par itdration :partant d'une valeur eatimde de on
d~termine Is vecteur Jrqui vdrifie l'dquation (2-8) de fagon exacte ou approchde, dans une gamme de
frdquence assez large, puis pertant de ce vecteur V., on d~tez-mine 0, et on recommeance.

Mai: lorsque -P, et Vsont complexes, il eat plus avantageux de combiner I'dquation (2-8)
relative a V_ vec l'quation reltv En ddaignant par -C l'indice qui repere la valeur propre

et le vecteur propre correspondant, ricondition de normalisation (2-7) et l'dquation f2-8) devien-
ntt T

W ien faisant ia sowmme et Ia diffdrence avec (2-8)

Zc2. T IT4wI 4 rr)+r

En posant

~r( +' r 2-9-2

~ (if-V)2-9-3
ii. vient

_____ _____ ____2-10-1

Z 8 r IC4J
2  2W0('V + V(4 4. c')

z OC V 2-10-2

On peut d~terminer lee solutions de (2-10-I), clest-&-dire It (e a train usrpre
' tV dens (2-10-2) et caicuier V .'a' a

Pour lee raisons ddja invoqudes (erreurs de mesure et/ou systbme non rigoureusement conforme au modale
thdorique), lea Equations (2-8) at (2-10) n'admettent souvent que des solutions approchdes.
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Cellee-ci doivent etre calculdes A l'aide d'algorithmes de rdsolution par lea moindres carrda. Par exemple,
Ia recherche des solutions de (2-10-1) par itdration comporte, A chaque pas d'itdration, deux sdquences
Ce liesage par lee moindres carrds:

g-dens la premibre sdquence, partant des valeurs of et )/ d" pee pr~cddent, on calcule le
vecteur qui rend minimum 114cart E4ddfini par 5 1

-00rr
et I r est obtanu en appliquant la formule a-i. de l'annexe A.

- dans Is deuxitme sdquence, on pose =d{. 6 , vr(...o) - C , on introduit une
inconnue auxiliaire, CL , et on, cherche lee valeura de a~ 4et c qui rendent MiVilaum ddfini
par: CO .%~w .

A chaque pas d'itdration, l'inconnue auxiliaire CL~ doit tendre vera Vr
En pratique, lea intdgrales de - 00 GL 00 peuvent etre remplacdes par des somamations sur COet - Wk
les (4 dtant lee frdquences de mesure. k

Resnargue I -

IrEtant 16le vacteur propre associd A la valeur propre , s nnJugud Vr~ est vecteur propre as-
ocid a Le vecteur VCse ddduit donc du ve- %erV en lui appliquant la condition de

n ormalisation c'est-b-dire que V'on a:

-r 

0

r
Si le vecteur g, eat rdel (cas de l'excitation dquiphasde et prise comme r~fdrence de phase), on a

11 (1 't)~ dapros (2-7), dWoo If 1

Onen ddduit, d'aprls (2-9-2) et (2-9-3), que eat Ia pertie rdelle de i; et la partie

rr

Reanargue 2-

On voit qua l'isolation inodale par itdration peut Atre effectude sans qu'il soit n~cessaire de conna~tre
le vecteur excitation et Is matrice I

Remargue 3 -

Le procesaus d'isolation modale donnant lea va kure propres* et lea vecteure propres A gauche
on peut, en Principe, reconstituer Ia Isatric et le vectefur

JL1r )P if1
of. %r st Ia matrice des vecteurs VC. at P la matrice diagonale des valeurs propres jr Le vecteur

est d~terminE par la condition de normalisation, 1 , d'o6 v'on ddduit

2-2 Syettme passif faiblement dissipatif

La plupart des structures peuvent etre assimildes A des systb~mes passifs faiblement dissipatifs. Avec la
reprdsentation modale, 116quation de la dynamique devient quasi diagonale et s'Ecrit

[+-w 4 A. op +~ Q 2-11-1

0 t /Iont des matrices diagonales at 13 une inatrice syin~trique mais gdndralement pas diagonale.

La matrice fntreo chets, peut Otra consdrde comie quasi diagonale parce que las coefficients (
sont petite.

La formue canonique est obtenue en posant

Z = (il )2-11-2
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~ 2-11-3

V Q) 2-11-4

L'hypoth~se du syst~me faiblement dissipatif peut se traduire, Sur le plan matlidmatique en considdrant lea
coefficients de Is matrice Acomme des infiniment petits du premier ordre, slors que lea coefficients de

xe d sont des grandeurs finies. Si V'on adrnet, en outre, que les fr~quences propres Sont suffisa-
/ndistinctes pour que '-9*-, soit une grandeur finie Sjo ,~ on peut expliciter Vr juaqu'au

premier ordre. 11 vient ( vo ir annexe B)

ri 2-12-1

0ci 4/ est une matrice de dimension ijcL dont lea coefficients, infiniment petits, sont ddfinis par

eo e. 212-2

En rempla~ant T par (2-11-4), on s

et le vecteur IT. normalis46 par 1a condition Iest donnd par re~.E plqatI

r 1 [i ,LPJ e,

Considdrons le cas de l'excitation dquiphsde, ce qui rend la colonne Q rel.E plqatl
formule (2-10-1) aux coordonndes g~ndralisdes I on 4

0,.a dtdngligd, 0< r tant infiniment petit dana l'hypothae du syst~me faiblement dissipatif).

Dane cette dquation, ea spri mgniedu vecteur d~fini par (2-13). En

rempla~antr par .4V3 - ? et en 'ndgigeant lea termes du second ordre, la formule (2-13) donne

~r 2-15-1

o0 C/ et C Ysont des colonnes de dimension *Ldonndes par

r 2-15-1

r r-ereqF1 Q_ 2-1 5-3

HuB en dnral on ne peut pas accdder dietement aux coordonndes modales q etnmsuedure V-

riables) assimilables A des degrds de libertd :lea vecteur X et q son' relids par une dquation de
changement de variables ddfinie par une matrice carrde rdelleG

x q9 2-16

Des dquations (2-14), (2-15) et (2-16) on ddduit

7 Vt
+ LCj 2-17-1



o6 atI) ont des vecteura rdels d'ordre ft ddfinis par

f er Ar 2-17-2

i Ti/ (teer- e,. ' , 2-17-3

(erFQ )1

Les coefficients dr. 9, et les vecteura rjj.et '7r peuvent Stre diterminda en rdsolvant l'dquation
(2-17-1) par itdration come indiqud dens e parigraphe (2-1-2).

siVnaOn remarque que le vecteur eat nUl Si la matrica de dissipation eat disgonale, c'est-b-dire

O5r Z'o a ' LOr

D~termination des matrices 6 et
Les masses gdndralisdes/.Lret Is matrice E e 7,usntdsvctus O rearque u ar l r
eat un nombre rdel qui dUpend de Is normaliaaion des formes propres et qui a Ia dimension d'un temps.
Fixer arbitrairement Ia valeur de ce rapport revient donc A normaliser la forme propre. Posons par example

41 r 2-18

En aubstituant dana (2-17-2) il vient

r I

pors d'oOi, en ddsignant pars IIs matrice des vecteuray et par V Is matrice diagonale des frdquences

9 ~]~i 2-19

Les masses gdndraliodes sont ddduitas de la condition de normalisation (2-18)

/Io"roe,0ev 2-20

La clne0 eat dd6terminde si on connaft le ver,.teur excitation E. dana le systime de variables
X .La thdorame dee travaux virtuela donne en effet:

ixE eqQ d'oO V'on ddduit, d'apr~s (2-16)
T

DUtermination des coefficients 3 S

Las coefficients non diagonaux de Is matrce peuvant 4tra ddduits des vecteura I donnda par (2-17-3)
En prdmultipliant Yrpar Ia metrice 0 on a :

T raqe.,T-~~ )

7, eat un vecteur d'ordref .L Multiplions le A gauche par e ;k r pour extraira ae
termd Il vient

k I(er Q) 2

(erQ

r
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0'1 eQ eat Ie coefficient de Ia colonne Q et e, le kiIIcoefficient de Is colonne a

3 - APPLICATION~ A L' IDEN4TIFICATION DES CA1RACTERISTIQUES MDALES DIUNE STFWCTURE.

loss mithodes prdsentdes aux paragraphes I et 2 permettent de ddterminer lea caractiristiques
inodaies d'une structure A partir d'un essai haruonique avec balayage en frdquence I force constante.

On admettra quo lea mesures de rdponse sont effectudes en des points suffisausuent noazbreux et
bien rdpartis pour que lea vecteurs difinissant la restriction I ces points des ft formes propres in-
tervenant dana 1n ge do frdquence expiorde soient inddpendants. Cette condition implique que tous lea
dogrda de libertd intervenant dans cette gsame de frOdquence soient accessibles A Ia meaure.

3-I Rdduction du systbae

Soit M le noubre de points de meaure et N le noinbre de points d'excitation. En supposant que lea
points d'excitation sont dga ement points de mesure, on a r4< N En pratique, '[ eat infdrieur ou dgal
au noubre do degrds do iibertd, ii. , et H- eat souvent beaucoup plus grand que IiM

Soit Wlq,LW) la colonne de dimension ri qui ddfinit lea ddflexions aujx points de Mesure et
F la colonne d'ordre W qui ddfinit Is rdpartition des forces d'excitation.

Les ddflexiona aux points d'excitation sont ddfinies par une colonne W ,do dimension rf
ddduite de a u moyen d'une matrice do permutation g

M 3-1

Si, par exempie, il y a deux excitateurs, aux points d'indice 2 et 3, on a

j. [0 1 ae~
3

Base modale, base artificielle

La restriction de chacune des formes propres aux points do mesuro eat ddfinie par un vecteur Ok de
dimension H , et iensemble de ces vectours forme uno matrico do dimension M m. . On pose

~ q~cw)3-2

eat Ia base modale qu'ii faut ddterminer.

Considdrant, d'autre part. ,M frdquences r4k voisines des frdquencos de rdsonance Vs., on pout
mesuror, pour chacune do ces frdquences, le vecteur S qui ddfinit la composante do la rdponse en qua-
drature par rapport A l'excitation supposde dquipheade.

Ces vecteurs, do dimension ,4 , forment une matrico rdelle S , de dimension 1111 ,v qui pout
constituer une base do reprdsentation des ddflexions, au mime titre que .On a

oil X oat une colonne de meme dimension, qa. quo Is colonne 9 .
o at ddtermind par la mdthode des moindros carrds A partir des mosures do ddflexion

x (M 3-4

Lea mithodes des paragraphes I et 2 pouvent Otro eppliquda au vecteur )(AG)

Changement de base.

0 tant Ia matrice de changement do base reliant X et par l'dquation (1-3-1), X Q
on ddduit, d'aprbs (3-2) et (3-3)

(P . 3-5

Cette dquation servira & ddterminor I orequlon connattra9

Equation de Ia dynamique

L'dquation de Ia dynamique paut itre formulde par rapport aux variables du vacteur X ou par rapport sux
coordonndes gdndraiisdes do Is reprdsentation modale, vecteurq

Dana Ie premier cas on a:

[CA) 2  +-~ w5-J 3-6-1

avec

E 'ST J F 3-6-2
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et done Ie cam do Is reprdmentation modale

QvcW .CP t 
3-6-3

Q = E)S J F3-6-4

3-2 Mdthode de syntboe modale du paragraphe I
La vecteur . d9tant ddduit des mesures de ddflexion par Ia formule (3-4), on pout appliquer Ia formule
(1-2 ) et ddtermner lee produita matriciela M-'K , H-

1B et 11-1 . . On calcule ensuite G et lea
proditsmaticios,4'g3 et ,AA-I , par lea formules (1-4-1) A (1-4-3), puis lea masses gdndralisdesA 1

par la formule (7-4-4). Enfin lea formes propres de la structure qui constituent Ia base modale sont don-
ndea par Ia formula (3-5).

3-3 Isolation dea modes, mdthode du paragraphe 2

Le vactaur X( (LAD) dtant connu, on cherche lea solutions Yr , F e r e16ut
(2-17-1) en procddant par itdration come indiqud au paragraphe (2-4-2).' c,. 4. ,delquto

I omLa matrice e eat d~termin~e, A partir des vocteurs et des pulsations propres V7  , par

etla forma (2-19) s sotdtrid a735

e5 = S
Las,, mass es ( r ai s sot ods part l~efrmus (2-20) eodtio (3-6-4)aton(-1).1

ast flea fo'e pres o d ermines n p rmlsto (3-5)vetinel

L-4xcitation appropride A un mode d st st~e nservatif associd. aclneQ dnd a

-4 xcitation appropride un mode du systm conservatif associd. aclneQ dnd a
(3-6-4) oat proportionnelle au vecteur e. . Le vocteur F qui ddfinit la rdpartition de force appro-
pride doit donc Otte une solution approch e, ou dventuelloment Oxacte, do l'dquation

S J F = er3-8-1

oQ C oat une constanto qui a la dimension d'un travail.

La nombre do lignes du produit matriciel~~ oat dgal A 71 (nombre do degrds do libertd)
at le nombre do colonnes A N (nombre do points d'excitation). Si N4 eMi on a Ia solution 3pprocbde

r

F=[J5() J3 S C7o i ; C 3-8-2

at ii N z It on a la solution exacte:

F 9 (esJY) erc 3-8-3

Pour ddterminor Is coefficient C, il faut so donner une condition portant, par exemple, Bur

l'rnnplitude do la rdponse.

L'appropriation de l'axcitation no pout etre rdaliade qua lorsqu'on a ddjA procddd A une premibre
identification modale avec uno excitation arbitraire. Sans etro indispensable, ella permot do refaire
danoda meillaures conditions I'identification des modes pour lesquols l'axcitation arbitraire initialo
pourrait se rdvbler trbs mal adaptde.

3-5 Rdoultats

Lae figures (I) & (3) at le tableau (I) illuatrent lea rdsultata donnds par lea mothodes des paragraphes
(I) at (2) sur l'avion T B 20, monomoteur A milo droite do la Socidtd SOCATA. La nombre do points de me-
aura pris en considdration dana cotta application dtait dgal A 20 ( M - 20).

on montre ici lee rdoultats obtenug A partir d'un balayage en frdquenco avec excitation en haut
de Ia ddrive, dane la game do 10 A 20 142

L'llr dos courbes do rdsonance montra qu'il axiate quotre modes dana cotta gamme do frdquence
at qu'il taut donc introduire quatro dogrds do libertd dana lea calculi s i 4).



Les caractdriatiques modales ont d:E ddtermindes par lea m~thodes des paragraphs (Q) et (2).
Le tableau (1) permet de comparer lea frdquences, lea afortissements et lea masses gdndralindes

donn~s par lea deux m~thodes.

TABLEAU I

FREQUENCE (HZ) AMDRTISSE2ffNT MASSE GflNERALISEE (m 2kg)

Mdthode 1 Mdthods 2 Mithode I ftdthode 2 Mdthode 1 Mdthode 2

Mode 1 11,76 11,77 0,020 0,028 25,62 16,99

Mode 2 14,31 14,33 0,029 0,030 17,91 15,09

Mode 3 15,59 15,59 0,008 0,012 172,7 152,4

Mode 4 17,49 17,49 0,038 0,041 12,56 10,93

La figure (2) fontre la comparaison des courbea de rdsonance expdrimentales et des courbes
reconatitudes par le calcul A partir des caractdrietiques modales donndes par lea deux mdthodes. La posi-
tion aur l'avion dea points oiO sont effectuds ces coelparaisons eat ddfinie dana la figure (1).

Enfin la figure (3) eat une reprdsentation dana le plan complexe de Is rdponse d'un mode aprba
isolation par la mdthode du paragraphe (2). Elle reprdsente, pour chacun des quatre modes, le premier et
le second membre de l'dquation (2-17-1) et permet done d'apprdcier la qualit6 de l'isolation modale donnde
par la mdthode.

La comparaison deabalayages (figure 2) et des grandeurs gdngralisdes (tableau I) paraft satia-
faiaante si 1'on tient compte du fait que la structure essayde avait un comportement qui ddnoncait le
prdsence de non lindaritds. La qualitt des rdsultata eat aenaiblement la mgne pour lea deux mdthodes, et,
dana ce cas, il aemble que le choix des utilisateurs devrait a'orienter vera la mdthode de s~nthbee modale
qui eat plus simple & mettre en oeuvre et plus rapide que la deuxieme mdthode. Toutefois, Ia sOparation
modale semble rdserver des possibilitgo intereasantes pour les structures comportant de faiblea non linda-
ritds :elle peut faciliter l'analyse de ces non lindaritds et il existe un eapoir de pouvoir 1'associer a
un mod~le de rdponse comportant de faibles non lindaritds.

CONCLUSION

Las deux mdthodes prdsentdes dana cet expose permettent de d~terminer lee caractdristiques no-
dales d'une structure A partir d'un easai harmonique avec une excitation qui n'a pas besain d'atre appro-
prie mats qui doit, dvidemmaent, introduire suffiaamnent d'Energie dans lea modes que Ilon veut identifier.

A premi~re vue, la mdthode de synthbbse modale paraft plus attrayante pour lee applications
pratiqus parce qu'elle eat plus simple a mettre en oeuvre que la mdthode de sdparation nodale et donne
des rdsultats de qualitd sensiblenent Equivalents. Cependant, par son caractbre analytique, qui rdsulte
de l'isolation des modes, Ia deuxibme mdthode paralt plus apte A sladapter aux structures prdsentant des
faibles non lindaritds.
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MNEE A

PROJECTIONI ORTHOGOt4ALE D'UNE FONCTIOI SUR tINE BASE CONPLECE

La beer- Z Teat Ia ligne des variables d'dtat Zg. (i4d)
Soit une fonction cormplexe A(uua) .on cherche le vecteur C qui rend minimum l'Ecart E difini par

E=j 1ZC- AI w

-0

jC z C )d 4].z (ET - A)tI w

ci e r ueoution, -Z4 a: + Sc(eC A &?

In cnditon 0V( rC dlou cI.(mzlexze k (cr~n
-0 -0

k~~?J JtzvO ?z.d e- Z Sci)/(zz'AE) ? 0

d'oO:C f fZZrcl.1-Jez.* dA -

- -0

Loreque I& colowe I ddfinie par (1-3) est rdelle, le vecteur d'dtat Z donnd par (1-4) A Isa pro-

pridtd 7.-)Z e(4.W) ,d'o0L Von ddduit

f z~gz d,. J(zzr+ z z
-0 0

La matrice J 61 iw eat donc rdelle lorsque 1. vacteur excitation eat rdel.
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ANNEXE B

VECTEURS PROPRES DU SYSTEKE FAIBLDCMT DISSIPATIF

On me propose de ddterminer lea vecteurs I- vdrifiant l'dquation

')f~rJtJ 0b-I
avec

0 b-2

00 O' et ifmont des matrices diagonales et /3 matrice sym~trique dont lea coefficients peuvent 6tre
considdrds come infiniment petits du Ier ordre, alors que lea coefficients de /A et de r sont finis.

Considdrons d'abord 1ee solutions fondamentales U e. t du systbIne d'dquations du second
ordre

21 + b-3

Ddsignons par A3 , la diagonale de 13 et considdrons j 00 comme une perturbation du
systt~me diagonal. Celui-di admet des solutions

+ er =0 b-4

Avec la partie non diagonale de /5lee valeurs propres et lea vecteurs propres deviennent
respectivement :I

'? =le 461 b-5-1

U e b-5-2r r r

Nous edmettrons que le vecteur U. eat norm6 par la condition
r b-5-3

LU Ut
qui eat vdrifide par le vecteur initial

En reportant (b-5-I) et (b-5-2) dans (b -3) et en considdrant 1.3 ,A et 4j/ came des
infiniment petits du Ier ordre, on a r~

A+ 0 b-6

En prdmultipliant ( b-6 ) par eT il vient

or (2?J e ePf,-.) + rYAer -
Maim 13-N3 ne contenant pam de terne diagonal, ~ LT ) eat nul. On en ddduit que

Aeat nul et que p aj*, u second ordre pr1a** I-,.

En prdiultiplimnt (b-6) par &-k, P I~ r et en remarquant qua / e 1
sont nuls puisque I" et mont diagonales, on a C e

r 9
ou, puisque A et s ont diagonalas,

-r e e, + r dfO).e t 4I()~

ou +ts t't i' ( 9. 0

e , qui dimigne le IC dldment du vecteur %f1 ,eat donnd par

k Ik r

On a ~ trA, 4Vr - t -r et l'hypothtse du mystbum faiblement dissipatif conduit & considirar -(r
come inf niment petit du Ier ordre, doa~ quo /h Si, de plus, on amet que lea pulsations proprem
*out suffisinent adpardes pour quo sait fini Vs~ir 'I vient



e T 41-

a6ik ddsigne le terms.A do I& matrico diagonale,, (d 4e,/ e.
Le coefflcient r pout etre ddduit de I& condition de normalisation (b-5-3) On a

Ur r T

i ( (r . r,,)

ML W apreus (b-5-3)

d'oO l'on ddduit e r z 0

En dduoignant par la matrice des vecteura a n a done fina lement

avec-

e ty er{ ,fl) b-8

k r ~

En transposant (b-3) on vait, compte tenu de la sym~trie des matrices fj et

que Or vdrifie l'dquation:

onendfdutqua le vecteur donnd par1r~+6=

vdrifie 1'4quation (b-1) et constitue done le vecteur propre & gauche cherchd On a donc

(a± +i /er)

00 4/ est la matrice ddfinie par V

r( 2 2  b-9-2

;31 Fig.l - Avion TB 20. Position des
points de mssure at dui

I r ;3,point 
dexcitation

713P ;2
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Nonlinear Aeroelastic Analyses Taking into Account
Active Control Systems

by

R. Freymann*)

DFVLR - AVA Goettingen
Insticute of Aeroelasticity

Bunsenstr.10, 3400 Goettingen, Germany

Summary

Analytical investigations on aircraft with active control systems can be performed on the
basis of an extended formulation of the generalized aeroelastic equations. Besides the
structural modal parameters needed for these investigations which can be determined in a
ground vibration test on the real aircraft structure, a comprehensive knowledge of the
partially nonlinear transfer functions of the different elements of the control loops is
necessary. For this purpose a method is presented which shows the determination of the
transfer functions of these elements in a ground vibration test on the real aircraft and
in special tests on the aircraft hydraulic actuation systems. In order to demonstrate the
validity of the elaborated procedure, dynamic response calculations based upon the pro-
posed extended formulation of the aeroelastic equations, which take into account both the
results of the ground vibration test as well as of the actuator tests, are performed on a
model wing structure with a hydraulically driven rudder. Results of these analytical in-
vestigations are compared to measured data on the same model structure.

1. Introduction

In recent years a tendency to install increasingly complex control systems in modern air-
craft can be observed, see Ref.f]. These control systems can greatly affect the dynamic
behavior of the aircraft. Especially the integration of active control systems operating
in the higher frequency range such as active flutter suppression or gust alleviation sys-
tems (see Refs.[2,3,4]), which are introduced into modern aircraft design in order to pro-
voke a desired change of the aircraft's dynamic behavior, requires detailed investigations
for determination of structural and control system coupling effects. Attempting to consid-
er the dynamic properties of the active control system in the aeroelastic qualification of
the aircraft reveals some problems and requires solutions of the following questions:

a) What possibilities are given to describe analytically the equations of motion of an
aircraft with active control systems - which is indeed a nonconservative system -
in a generalized form, say by means of its eigenmodes as elastomechanic degrees of
freedom?

b) How must the ground vibration test be performed on the aircraft in order to deter-
mine its modal parameters, such as eigenfrequencies, eigenmodes, generalized masses
and generalized damping coefficients?

c) In what way must the dynamic characteristics of the hydraulic actuators and control
system feedback loops be determined and introduced into the generalized equations
of motion, such that the dynamic behavior of servo systems can be fully considered
in aeroelastic analyses?

Neither these questions nor consequential problems may be regarded separately when seeking
an answer. For aeroelastic investigations it is of great importance to find o n e consis-
tent approach which gives a satisfactory answer to a 1 1 three points mentioned above.
In Refs.[5,6,7,8] several possible approaches are discussed. Unfortunately in these reports
some of the key problems such as the determination of transfer functions of the actuators
or the performance of ground vibration tests are not treated in enough detail or in a
practical way. Furthermore most of these approaches are based on the more or less incorrect
assumption of linear behavior of the aircraft with control systems.

This report describes a consistent and practical new method which can be applied success-
fully to the aeroelastic qualification of aircraft with active control systems. First, in
Section 2.1, an experimental-analytical method to determine the frequency responses of the
actuator transfer functions is discussed, taking into account both nonlinear and preload
effects. In Section 2.2 a description of a ground vibration test procedure is given for
determination of the modal aircraft parameters as well as structural and electric feedback
effects due to the control system and the servomechanisms. Finally, it is shown in Section
2.3 how the measured data resulting from the actuator tests (frequency responses) and from
the ground vibration test (modal parameters, control system feedback properties) are intro-
duced into the generalized equations of motion in order to allow the performance of aero-
elastic qualification analyses on aircraft with active control systems.

The aim of this report is to present a survey of such procedural advances. Further details
can be taken from Ref.191.

*) Member of the Structures and Materials Panel delegated by the "Ministare de la Force
Publique"' of the Grand-Duchy of Luxembourg.
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2. Description of the method

Two of the major problems encountered when performing aeroelastic analyses on aircraft
with active control systems must be attributed to the fact that such aircraft can be re-
garded neither as a linear nor as a conservative system. Due to these nonlinear and non-
conservative properties, the limits of validity of numerous theoretical approaches and
practical procedures commonly used for the dynamic qualification of aircraft are greatly
exceeded.

The nonconservative as well as significant (locally concentrated) nonlinear properties
of aircraft with active control systems must be attributed to the actuators. In order to
allow the utilization of conventional ground vibration test procedures, it would be ad-
vantageous to replace the (active) actuators by (passive) dummy actuators during the per-
formance of the ground vibration test. This procedure requires that a possibility exists
for determination of the actuator transfer functions which must be considered in the aero-
elastic analysis later performed on the basis of the modal parameters measured during the
ground vibration test on the modified (passive) aircraft.

To satisfy this requirement, a description of a new method for determination of the non-
linear and preload-dependent frequency responses of the actuator transfer functions is
given in the following section.

2.1 An exprimental-analytical method for determination of the frequency responses of the
transfer fnctions of hydraulic actuators

Numerous tests performed on actuators (see Refs.110,11,12,13]) have shown that servocylin-
ders can possess highly nonlinear, complex, frequency- and preload-dependent properties.
A further difficulty is caused by the fact that actuators must be regarded as multivari-
able systems with two input signals and one output signal. The input signals are the servo
valve spool displacement and the actuator force; the output signal is the actuator elonga-
tion.

CM11Wp Shck

Redler Sde AtP-mg,'

Fig.l: Rudder/wing connection with hydraulic actuator.

The elaborated method for determination of the frequency responses of the actuator trans-
fer functions will be applied here taking the example of an actuator controlled by a me-
chanical as well as by an electric input signal (Fig.1). Detailed analytical investiga-
tions described in Ref. [9] have yielded that the equations of motion of an actuator can
be formulated (in the frequency domain) either by the force equation

(1) f = FE(s)e' + FX(s) G  XK )

or by means of the displacement equation

(2) G = XE(s)e' + XF(s) ,

when making use of the following notations (Gothic letters refer to Laplace transformed
variables):

_G,JK : displacement of the power cylinder block and of the power piston rod, respectively,

: actuator force,

Mimi
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e' relative displacement of the servo valve spool defined as

(3) '= ( - X G

s=o+iw : Laplace variable,

FE(s) : transfer function relating the servo valve spool displacement to the actuator
force,

FX(s) : transfer function relating the actuator elongation to the actuator force
(actuator admittance),

XE(s) transfer function relating the servo valve spool displacement to the actuator
elongation,

XF(s) transfer function relating the actuator force to the actuator elongation
(actuator impedance).

Between the actuator impedance and admittance transfer functions exists the following re-
lation:

(4) XF(s) = (FX(s))
-1

Eqs. (1) and (2) are valid if the mass forces of some actuator components (piston, piston
rod, power cylinder block) are neglected. The transfer functions of these equations are
assumed to have amplitude- and preload-dependent properties. It could be shown that if the
nonlinear parameters (flow, leakage, damping coefficients) included in these transfer func-
tions are considered on the basis of the "harmonic balance" procedure (see Ref.[14]) -
thus allowing the performance of a nonlinear analysis - then the following relationship
exists between the frequency responses of the transfer functions XE(s), FE(s) and FX(s):

-1
(5) XE(iw0,e6 ) = - FE(iw0 ,eL,f 0 ) • (FX(iw0 ,f 0 ))

Performing this multiplication of frequency responses at discrete circular frequencies
W0 requires an exact consideration of the amplitude levels of e6 and f0 "

If the cylinder mass forces are introduced into the mathematical model, the forces acting
on the power cylinder block and on the power piston rod, designated by fG and fK , re-
spectively, are no longer equal. Eqs.(1) and (2) can then be written as follows:

(6a) N = FKE(s)e' + FKXK(S) XK + FKXG(s) C G

(6b) 
1
G = FGE(S)e' + FGXK(S) CK + FGXG(S)WXG

and

(7) X K = XE(s) e e' + XGFG(S) -G + XGFG(s) " mGs' " 3CK

Denoting the mass of the power cylinder rod (with the piston) by mK and the mass of the
power cylinder block by mG , it can be shown that with

(8) XGFG (s) = (FGXG(S))I

the following relations exist between the transfer functions of Eqs.(6) and (7) and those
of Eqs.(1) and (2):

(9a) FKE(s) = F GE(s) = FE(s)

(9b) FKXG(s) = FX(s)

(9c) FGXK(s) = - FX(s)

(9d) FKXK(s) = - FX(s) + mK • 2

(9e) FGXG(S) = FX(s) - mG  • s2

Considering the mass forces, Eq. (5) can also be rewritten as follows:

(10) XE(iw0 ,e6) = FGE(iwoe6,f0 ) (FGXK(iwof0))
- 1

Eqs.(7) and (8) can be regarded as the equations of motion of a "free-free" supported
actuator. In the case of the actuator drawn in Fig.1 the following relation can be written
for the relative displacement e' of the servo valve spool if kinematics of the control
rods and a flexibility at the power piston rod bearing are considered:

(11) e' = XS + 6
2 eSK + 6 3 K - CG

with

X S displacement of the control stick rod,

e SK :displacement of the servo piston,

d1,d2,63 : lever arm rate of the control rods as defined in Fig.1.

Denoting the nonlinear transfer function of the amplifier unit comprising the electrohy-
draulic servo valve and the servo piston (without regarding the servo piston displacement

kLi



feedback loop), the servo piston displacement eSK can be related to the electric input
signal ee of the electrohydraulic servo valve as follows:

(12) eSK Gem s) ee

with

(13) ee = eI + eeSK

and

(14) eeSK Ge(s) (eSK- XG)

Thereby the following notations were used:

e I: electric servo valve input signal induced by the active control system,

eeSK electric servo valve input signal induced by the servo piston feedback loop,

Ge(s) : transfer function of the servo piston displacement feedback loop.

Introducing Eqs.(12,13,14) into Eq.(11) yields:

(15) e RR( Gem(Sei em + Cf - (1 + Gem(S)Ge(s)). XG

with

(16) GR (s) = 62 Gem (s)

em 1 - G em(s)G e(S)

as the transfer function of the amplifier unit consisting of the electrohydraulic servo
valve and the servo piston cylinder, taking into account the servo piston feedback loop.
The servo valve spool inputs e and ef due to the displacement of the control stick
rod and to the flexibility of tle power piston rod bearing are defined in accordance with
Eq.(11) as follows:

(17) e -6 = 3C

and

(18) ef = 63 X K

Introducing Eq.(15) into Eqs.(6) and (7) yields the equations of motion of the most com-
plicated actuator type controlled by a mechanical as well as by an electric input signal.
Because the displacement equation of motion is of primary importance for the aeroelastic
analysis later performed in Section 2.3, this equation is rewritten here in its entirety
yielding:

(19) XG K = XE(s) {GR (s) e + P + f - (I + G(R (s) s )) . G} + XFG(s).fG + XGFG(S).mGs. K

Having obtained this equation from analytical investigations, the next problem to be solved
is how to determine the freqniency responses of the transfer functions XE(s), XGFG(s),
GR (s) and Ge(s). These frequency responses can hardly be determined analytically because
it is very difficult to give an accurate evaluation of some actuator parameters such as
the servo valve flow, various pressure gradients or leakage coefficients for the
d yn a mi c operation of the actuator. It could be shown (see Ref.[15]) that these para-
meters are extensively frequency-dependent and exhibit nonlinear properties. Thus the fre-
quency responses of the various transfer functions must be determined experimentally in
order to obtain reliable results. With the exception of the frequency responses GRm(ii)
and Ge(iw) which can be determined easily by a test, it would be very cumbersome to meas-
ure the (preload-dependent) frequency response XE(iw) directly in a test.

The key idea of the method proposed here is that frequency responses of transfer functions
which cannot easily be determined directly in a test are calculated from frequency responses
of other transfer functions the experimental determination of which is quite simple. A de-
scription of this method to determine the frequency responses of the transfer functions
listed in Eq. (19) can be summarized as follows:

a) Measurement of the frequency response FGXK(iw), (Sec.2.1.1),

b) Measurement of the frequency response FGE(iw), (Sec.2.1.2),

c) Measurement of the frequency responses GR (iw) and G (Lw), (Sec.2.1.3),
em e

d) Calculation of the frequency response FGXG(iw) on the basis of the measured
frequency response FGXK(iw) according to Eqs. (9c) and (9e).
Calculation of the frequency response XE(iw) on the basis of the measured
frequency responses FGE(iw) and FGXK(iw) according to Eq.(10).

A detailed description of the performance of the various actuator tests will be given in
the following sections. Because all transfer functions (except Ge(s)) are dependent on
the static actuator preload force, these tests are performed at the various levels of the
preload force of interest. Multiplication of frequency responses - as required by Eq.(10)
is consistent only if all frequency responses are attributed to the same preload. Similar-
ly two other working-point parameters have to be considered. Firstly, the frequency re-
sponses are dependent on the static elongation of the actuator (static position of the
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power piston in the cylinder block). Secondly, since the bulk modulus of the oil is in-
fluenced by temperature changes, frequency responses will also be influenced by changes
of oil temperature. In order to avoid the influence of the latter working-point parame-ters, all following tests will be performed at a nearly constant oil temperature and at
a given static actuator elongation.

2.1.1 Experimental determination of the frequency response of the transfer function
FGXK (s)

The actuator mounted in the test rig shown in Figs.2 and 3 is excited at its piston rod
by a power cylinder. The excitation is realized at various frequencies and amplitudes of
the exciting force. During these investigations, the servo valve spool is clamped to the
actuator power cylinder block (e'=O) in such a position to maintain a desired static pre-
load force F . For a given harmonic excitation of the actuator power piston rod, the
force fG (measured by means of a load cell fixed at the actuator power cylinder block)
and the relative displacement XG-xK between the supporting points of the actuator (meas-
ured by means of a displacement pickup) are determined. With the help of co-quad analysers
the first harmonic oscillations are filtered out of the measured periodic signals. Simul-
taneously the amplitude and the phase lag (relative to the harmonic output signal of the
frequency generator) of the respective first harmonic oscillation signals are determined.

Y(..W 0.W

S P., /V

Figs.2 and 3: Test setup for determination
of the frequency response
FGXK(iw).

Assuming that the dynamic displacement of the actuator power cylinder block is very small
(xG=O), Eq. (6b) yields for a given circular frequency w0 and for a given force amplitude
fG=f0 with regard to xG=O and e'=0:

(20) FGXK(iwO,fo) = fG/xK

Therewith a point-by-point determination of the nonlinear frequency response curves
FGXK(iw) is possible. Consequently a plot of measured frequency response curves is shown
in Fig.4 (dotted letters mark effective values). In Fig.5 the preload dependency of the
same actuator is plotted for a constant frequency.

2.1.2 Experimental determination of the frequency response of the transfer function
FGE (s)

The actuator is mounted "rigidly" in the test rig shown in Figs.6 and 7. During the per-
formance of the test, the servo piston is clamped to the actuator power cylinder block
(eSX-xG=0). Using an (electrodynamic) exciter, the control rod is harmonically excited at
various displacement amplitudes and frequencies. For a given excitation the relative dis-
placement e' of the servo valve spool (by means of a displacement pickup) as well as
the actuator force fG (by means of a load cell) are measured.
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Neglecting the flexibilities of the test rig (XGSXK=O) , Eq.(6b) yields for a given cir-
cular frequency w0 and for a given exciting amplitude e'=em=e6 with respect to
XG=XK=O and eI=0:

(21) FGE(iW0 ,e0 ) = fG/e'

Consequently Fig.8 shows the frequency response plot of the transfer function FGE(s)
measured on an F-4F high gain aileron actuator.

Ack

10 a.11 o ,s

3 b74-91 3 ?2
A 0 oiet11

V

Fig.8: Frequency response plot of the Fig.9: Test setup for determination of the
transfer function FGE(S) frequency responses GR (i) and
(F-4F aileron actuator). Ge(iU). em

2.1.3 Experimental determination of the frequency responses of the transfer functions
Gen(S) and Ge(s)

While performing this test, the actuator remains in the test rig shown in Figs.6 and 7.
During the test the control rod is clamped to the actuator power cylinder block (em=O).
The electrohydraulic servo valve is then harmonically excited at various frequencies and
at various amplitudes of the input voltage el (see Fig.9). For a given excitation el
the relative displacement e' of the servo valve spool, the relative displacement
(eS -XG) of the servo piston as well as the electric signal eesK induced by the servo
piston displacement feedback loop are measured. For a given circular frequency w0 and a
given amplitude of the input voltage ei=ei0 , Eq. (15) yields with em=0 , ef=0 and
xG=O:
(22) GR (le- e'/eI

em 01e 0  I
Furthermore with the assumption of a linear transfer behavior of the servo piston displace-
ment feedback loop, Eq.(14) yields:

(23) Ge(iw0 ) = eSK/(eSK - xG)

Having terminated the tests described in Sections 2.1.1, 2.1.2 and 2.1.3, all data are
available to calculate the frequency responses of the transfer functions of the actuator
displacement equation of motion (Eq.119)).

It must be emphasized that all these investigations on actuators were carried out with the
intention to replace the active actuators by passive dummy actuators during the performance
of the ground vibration test on the real aircraft structure. The requirement formulated at
the beginning of Chapter 2, which stated that the replacement of the actuators by dummy
actuators - leading to a modification of the aircraft - is practicable only if determina-
tion of the actuator transfer functions is possible, is now satisfied. Finally it should
be mentioned that actuator tests as described in Sections 2.1.1 through 2.1.3 could hardly
be performed with such accuracy and at such high preload and dynamic exciting force levels
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in a ground vibration test on the aircraft equipped with the actuators. Having solved the
actuator problem, attention can now be focussed on the ground vibration test procedure.

2.2 Performance of the ground vibration test on aircraft with active control systems

For the performance of aeroelastic analyses on the basis of modal data it is necessary
that the eigenmodes fulfill the orthogonality condition. Practically speaking, determina-
tion of orthogonal eigenmodes in the ground vibration test is possible only if the struc-
ture has conservative and nearly linear properties.

Dealing with structural nonlinearities, a distinction must be made between the continuous-
ly distributed (global) structural nonlinearities, the origin of which is located in the
riveted, screwed or bolted connections, and the locally concentrated nonlinearities due
to components with nonlinear properties such as actuators or partially filled external
store tanks. In Ref.[16] it is shown that weak global nonlinearities are of primary im-
portance only when dealing with neighboring eigenfrequencies. Locally concentrated non-
linearities located in the rudder/wing connections or in external store systems can be
eliminated in the ground vibration test by replacing the nonlinear .lements (actuators,
stores) by dummy components. A subsequent consideration of the true nonlinear behavior of
the replaced components in the generalized equations of motion is possible by adding mod-
ification terms in these equations (see Refs.[17,18,191).

The consequence of replacing the active actuators with passive dummy actuators having lin-
ear stiffness characteristics is that such modified aircraft can be regarded as an elasto-
mechanical structure with quasi-linear and conservative properties. This fact allows appli-
cation of conventional methods for the performance of the ground vibration test.

2.2.1 Determination of the dynamic properties of the rudder rigid body degrees of freedom

Since the aeroelastic analyses are performed later in Section 2.3 on the basis of quasi-
normal coordinates (see Ref.[201), characterized by the fact that rudder rigid body modes
and global aircraft eigenmodes are considered separately in the generalized equations of
motion, it is advantageous to determine the modal parameters of global aircraft eigenmodes
and rudder rigid body modes in separate tests as well.

Rubber Spring

Co.-- ntrol Stick

ep O01splocement AC14P

Acceleration Pikup

iood Cell X6

fo

_2C2.

Fig.10: Rudder/wing connection with dummy actuator.

Before the performance of the ground vibration test, the hydraulic actuators are replaced
by dummy actuators (Fig.10). Since Eq.(19) requires the mechanical servo input signals
em and ef and the electric signal ei to be determined, a displacement pickup (located
in the dummy servo valve) and a load cell measuring the actuator force are fitted in the
dummy actuator. The measurement of the electric input signal eI can be achieved with the
help of a voltameter. Furthermore for determination of the actuator attachment stiffnesses,
an acceleration pickup is placed on the dummy actuator rudder bearing.

Before mounting the various dummy actuators in the respective rudder/wing connections,
their stiffness characteristics are determined in preliminary tension tests. The stiff-
nesses of the dummy actuators are chosen such that the eigenfrequencies of the rudder
rigid body modes do not fall into the (immediate) frequency range of a global aircraft
eigenmode. To satisfy this condition, results of previously performed (finite element)
calculations have to be considered.

The connecting parts of the dummy actuators have to be constructed within the same manu-
facturing tolerances as for the original actuators. If the original connecting parts are
fixed by screw connections on the original actuators, it will be possible in most cases
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to use these original fittings for the fixation of the dummy actuators. Also the original
connection parts such as bolts or lugs will be used when mounting the dummy actuators in
the rudder/wing connections.

Moreover the freedom of movement of the steering mechanisms (control stick, foot pedals)
is reduced by attaching these mechanisms to the airframe with (rubber) cords. Thus unde-
sirable movement of the control stick and foot pedal due to friction effects in the bear-
ings of the steering mechanism rods can be avoided when the aircraft is excited.

While performing the ground vibration test, the dynamic properties of the rudder rigid
body degrees of freedom are determined one after another. Thereby the 0-th rudder
(m=1,2 ,... m) is excited in its eigenfrequency by a (generalized) force RP . Considering
the notation used in the mathematical model of Fig.10 as well as the block diagram of
Fig.11 yields:
(24) R P n • B ,

with

RP : generalized external rudder exciting force,

n, : rudder hinge moment,

B : rudder hinge angle.

iI

Fig.11: Block diagram showing the coupling between the r-th global aircraft
eigenmode and the g-th rudder degree of freedom of the modified
aircraft with dummy actuators (ground vibration test configuration).

Assuming that none of the global aircraft eigenmodes are excited by this force - since
there is no immediate eigenfrequency neighborhood of rudder modes and global aircraft ei-
genmodes - the p-th rudder rigid body mode can be regarded as a discrete degree of free-
dom, the equations of motion of which can be formulated as follows with qr=,(r= ,2, . .. n}

(25) f4 = - C14 XK ,

(26) fa . CDo (xKU - XGi)

(27) n = - f Iy

(28) OIL = XG /y + n /C2

with

qr : generalized coordinate of the r-th global aircraft elgenmode,

fo : dummy actuator force,

CDo : dummy actuator stiffness,

yj : rudder lever arm,

CM:nonlinear global attachment stiffness on the wing side,

C2p : nonlinear global attachment stiffness (in torsion) on the rudder side.
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Solving Eqs. (25) to (28) with respect to CiM and C2, yields:fC

(29) Cl1 (f1 )  = - fM C D a Cfa + XGL CDit

1 f
(30) C2 (fa) = 2GI/yL - M

Utilizing the pickups mounted on the dummy actuator, the actuator force f, and the dis-
placement x . are measured at various exciting force levels. The hinge angle 8 is
also measured. Introducing the measured data into Eqs.(29) and (30) allows the nonlinear
attachment stiffness characteristics to be determined. If the stiffness parameters are
available from static tests, these investigations are optional or can be used in order to
check static test data.

Performing the test mentioned above, the servo valve spool displacement ep~efp - due to
the flexibility of the actuator attachment on the wing side - is also measured by means of
the servo valve displacement pickup. The nonlinear transfer function of structural recou-
pling hep can then be calculated as follows:

(31) h e (f ) = ef/f4

Further investigations are performed to determine the generalized masses and generalized
damping coefficients of the rudder rigid body modes. Thus after termination of these tests
the following data are available:

0 the rudder rigid body modes R with respect to the corresponding normalized unit
hinge angles Boa (m=1,2,...,m),

0 the generalized masses M,

• the generalized damping coefficients D.,

0 the nonlinear attachment stiffnesses C1M(fM) and C2 ,(f.)

0 the nonlinear transfer function of structural recoupling hem(fM)

All parameters made available by these tests can be introduced directly into the aeroelas-

tic analysis performed in Section 2.3.

2.2.2 Determination of the modal parameters of the global aircraft eigenmodes

During the performance of the tests described in this section, the electric part of the
active control system is in operation. The determination of the modal parameters (eigen-
frequencies vr , orthoqonal global aircraft eigenmodes *F , generalized masses Mrr
and generalized damping coefficients Drr) is achieved in a conventional ground vibration
test (classical phase resonance method, see Ref.[21]). It will be assumed here that due
to the eigenfrequency spacing between rudder rigid body modes and global aircraft eigen-
modes, there are no rudder rigid body motions contained in the various global aircraft
eigenmodes. If this assumption is not fulfilled, the measured ground vibration test data
must be corrected by a modification analyses (see Refs.[9,22,231).

Besides the modal parameters mentioned above, the mechanical servo valve spool displace-
ments eur and the electric servo valve (feedback) input signals eear are determined
in each eigenmode. The double indexing of terms, e.g. the force far , means that this
term is related to the g-th actuator and to the r-th eigenmode. Considering the block dia-
gram of Fig.11, it can be seen that the mechanical input signal ear is composed as fol-
lows out of 2 different parts:

(32) ear = e0ar + e f r

with

e0 r : mechanical structural feedback signal at zero actuator force,

ef~r : mechanical structural feedback signal due to the flexibility of the actuator
attachment on the wing side.

According to Eq.(31) the following relation can be written for the second term in Eq.(32):

(33) efor = hea " fpr

Introducing Eq.(33) into Eq.(32) yields:

(34) e Or = ear - hel " f r

With the assumption of linear behavior of the transfer functions characterizing structural
feedback effects via the steering control systems, the coefficients H~r of the mechanical
structural feedback matrix H are defined as follows:

(35) Hr = e x
Ora0r * x rmax

with xO/xrax as a normalization factor. This factor has to be attributed to the normal-
ization of Mhe various eigenmodes by assigning the value xO (generally x0=Imm) to the
measured amplitude Xrmax of the reference point of the r- h eigenmode. The (complex)
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coefficients He of the matrix He of electric (active control system) feedback are de-
fined in the same way by the relation

(36) Her = ee r xO/Xrmax

It has to be postulated that due to the filtering and/or phase shifting properties of the
electric feedback systems, the coefficients Her can be extensively frequncy-dependent.
The frequency-dependent behavior of the electric part of the active control system cannot
be determined in the ground vibration test, for an excitation of the structure in its ei-
genmodes is only possible at those frequencies corresponding to the respective eigenfre-
quencies. The frequency dependence of the coefficients Her has to be determined either
by calculation or in additional tests as will be shown in Sec.2.2.3.

After completion of the tests performed in this section, the following data are available:

0 the eigenfrequencies vr of the global aircraft eigenmodes,

0 the global aircraft eigenmodes F

0 the generalized masses Mrr I

0 the generalized damping coefficients Drr

* the coefficients H~r of the matrix of mechanical structural feedback,

0 the coefficients He of the matrix of electric feedback.

2.2.3 Determination of frequency responses of the matrix of electric feedback coefficients

As mentioned in Sec.2.2.2 the determination of the frequency-dependent properties of the
matrix of electric feedback in the ground vibration test is impossible. The frequency de-
pendence of the electric feedback systems can be determined by tests performed on the ac-
tive control system mounted outside the aircraft. The best testing installation for these
investigations is the "iron bird" test setup.

On this setup calibration tests are run for each sensor by exciting the sensors one after
another at a given amplitude y& and at different frequencies. Exciting the C-th sensor
(&=1,2,...P) the input voltage eec(iw) is measured at all A electrohydraulic servo
valves (4=1,2,...m). Knowing the normalized amplitude of oscillation x~r of the E-th
sensor in the r-th eigenmode, the frequency-dependent transfer function H~r(iw) can be
calculated as follows when assuming linear behavior of the electric part of the active
control system:

P
(37) He (iW) = ee(iW) " /Y

In the case that all transfer functions of the various links of the electric feedback
loops (compensation network) as well as of the sensors are known, determination of the
frequency responses Her(iw) is possible by pure calculation.

A check of the frequency responses He1r(iW determined here is possible by comparing these
responses, formed at the frequencies corresponding to the aircraft eigenfrequencies of the
global aircraft eigenmodes, to the corresponding coefficients Her measured in the ground
vibration test. By the end of this chapter all parameters needed for the performance of
aeroelastic analyses on aircraft equipped with active control systems have been determined.

2.3 Consideration of active control systems in the generalized aeroelastic equations

Formulation of the aeroelastic equations on the basis of quasi-normal coordinates expres-
sing the elastic displacements of the aircraft by the relation

(38) x(t) = +F . q(t) + *R . p(t)

with

x(t) : vector of the elastic displacements of the structure,
+F : modal matrix of the global aircraft eigenmodes,
+R : modal matrix of the rudder rigid body degrees of freedom,

q(t), p(t) : vectors of the generalized (normal) coordinates,

leads to the following generalized equations of motion:

( M r r  IMr: -{-} -+ -r - - - -r} D -j-{ - + Kr ]{ {r}--- 
+ -

A e rk {qr) (R r

A p) (R)

MAr I 11 A A
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with

: coupled generalized mass matrix,

D generalized matrix of structural damping,

K : generalized stiffness matrix,

A : matrix of the generalized unsteady (motion-induced) aerodynamic forces,

R : vector of the generalized external forces.

Assuming that the coefficients of the matrix A of the generalized unsteady aerodynamic
forces can be determined either experimentally or theoretically (see Ref.[241), all matrix
coefficients on the left-hand side of Eq. (39) are available from the tests performed in
Sections 2.2.1 through 2.2.3 with exception of the terms Mr, Mr , Krr, K &W

The coupling terms of the symmetric generalized mass matrix can be determined on the basis
of a discrete mass matrix m of the different rudders, the rudder rigid body modes and
the global aircraft modes as follows:

(40) MrIL = Mr = (F)T. R , (r=1,2,...,n ; g=I1,2,...,m)

Furthermore the coefficients Krr of the generalized stiffness matrix are related to the
coefficients Mrr of the genera ized mass matrix as follows (see Ref.[9]):

(41) Krr = Or * Mrr

with Or as the circular eigenfrequency of the r-th global eigenmode.

Now the missing stiffness coeff~cients K., of the rudder equations of motion can be de-
termined with the help of the actuator displacement equation of motion formulated in Eq.(19).
Taking this equation into consideration for the V-th actuator, we put:

(42) ema = ". q ,

(43) ei, = Ne(iw) • q

with H,, and li  as the A-th line vectors of the matrices H and He , respectively,
and

(44) ef4 = hel " fK&L

The expression for the total relative displacement of the servo valve spool can then be
formulated as follows:
(45) e; ( HV + GRIL (ia) Ne(iw))q + he* f - (1 + GS (i) G e U)

' IL • K4 •Gem( ) • ) XGa

Furthermore the following compatibility and equilibrium conditions can be formulated (in
the same way as in Section 2.2.1) for the a-th rudder rigid body degree of freedom:

(46) fK4 = - C* " xK, F

(47) n. = - fG4 " P

(48) xG1 = yl (8 - nA/C2g)

Introducing Eqs. (45) through (48) into Eq. (19) finally yields the following expression
for the hinge angle of the V-th rudder:

(49) B = (01A * q + a2 * "n )/a3 '

with
(a)(XE(iwl ("I + He(iw) * GR (iw))

(50a 01L 4em4*

I50 a 1{f YX w + 1-+A/C2'.w amGL_ (XGFG(iw))4 +

(5Gb) 2 1,  y ¥ C2U Cl1A-w
2 mKG

+ (XE(iw)) ,.[heL- ,inG - 1 - 2 1Y,./C 2 ,w)mG)C2g* w'K C lI,_w3 mK,*

f~c, R o,w) roo]
+2&t emp " elL

and

(500 a1 W 2 - , 1W'G(1-mG 1 .XGFG(iw))) +
(50) % =¥l* ( -"-1  2

3 1 & Y 1,C 1 - o' 2m K ; L

+ (XE(iw))¥. [1 + GeMA (iw)Ge (iw) + h elwamGg (1 + C wMK ]

C WI"
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If the actuator mass forces are neglected in these equations, say mG=mK=o , Eqs.(49) and
(50) can be formulated as follows:

(51) . G qv + ml . n ) /'0
with

(52a) =

0 1
II

(52c) %2
and

(53) C + _ (XGFiw)) + (XE (iw) ;- (I +Bo3 C8C + 2 Ci (X G C2

+ GR (iw) . G (iw)) - h

Although Eqs. (49) and (50) can easily be handled in a computer software program, further
considerations will be based here on Eqs.(51) through (53). Introducing the following re-
lations

(54) 8 = 8 • p 1

and

(55) R = n 0t

with 804 as the normalized unit hinge angle of the a-th rudder degree of freedom into
Eqs. (51) to (53) yields:

n
(56) R = r _ X rqr + R p,

with

(57) K = C y2 B 1 + (XE(iw)) .(i + GR (iw) Ge(i.))

and

(58) K r= - C B .(XE(iw)) .(H + He (iw) • GR (iW))or Bo IL 01P ~ I Or + r empl

As can be seen from Eq.(56), the generalized stiffness matrix listed in Eq.(39) is a di-
agonal matrix only if all (mechanical and electric) feedback effects are neglected. Nor-
mally this matrix will be filled in its lower left-hand part by the coupling terms Kor
In the case of a h a r m o n i c motion, Eq. (39) can then be rewritten as follows:

0 14 1
(59) _w2  + - - - • - - [ +

t~~[r [ L'Ir o] Drr1 L0'r 1u + K r 0K~
FAr AIL rr { WK

Lrs I rig r r

Eq.(59) describes the extended generalized aeroelastic equations of aircraft with active
control systems. It has to be noted that due to the actuator and electric feedback loop
characteristics, the coefficients KM and Kpr are complex as well as frequency- and
amplitude-dependent. Calculating theodynamic response of the aircraft structure to a har-

* monic external excitation (R, ,}' (the roofed letters mark peak pulse amplitudes), Eq.(59)
has to be solved with respect to the vector of generalized coordinates (qr,p )T. Intro-
ducing this vector into Eq.(38) permits the determination of the elastic displacements of
the aircraft structure. All mathematical relations formulated in this section are clearly

• displayed in the block diagram of Fiq.12 (the aerodynamic forces are neglected).

Comment: Since the transfer properties of the actuators were determined in the form of
frequency responses, valid only in the case of a harmonic actuator excitation,
the extended generalized aeroelastic equations were formulated here for the
special case of harmonic aircraft motion. Due to the nonlinear effects it is
n o t possible to calculate the (total) system response to a (nonharmonic)
periodic external excitation by superposition of harmonic responses to different
external excitations (determined by a Fourier-analysis of the periodic exciting
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forces). A mathematical description of the actuator transfer functions in the
frequency domain (formulation in form of the Laplace variable s ) is possible
when approximating "representative" frequency response curves - which can be re-
garded as curves of Bode plots - by asymptotic curves yielding the different
time constants of the transfer functions (see Ref.[25]). By this step the per-
formance of a n o n h a r m o n i c 1 i n e a r analysis in the frequency domain
would become possible.

I/c

Fig.12: Block diagram showing the coupling between the r-th global aircraft
eigenmode and the g-th rudder degree of freedom of the aircraft
with hydraulic actuators and active control system in operation.

Fig.13 Rudder/wing model structure. Fig.14: Hydraulic actuator.
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3. Application of the method to the example of a rudder/wing model structure

In order to check the practicability and accuracy of the method described in Chapter 2,
the method was applied to the example of a wing model structure with a rudder driven by a
hydraulic actuator (Figs.13 and 14). The actuator used for driving the rudder was equipped
with only an electrohydraulic servo valve, thus only electric (control) signals could be
used as servo valve input signals.
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Fig.15: Frequency response plot of Fig.16: Quasi-static characteristic of
the transfer function FGEe(s). the actuator force versus the

servo valve input voltage.

3.1 Actuator tests

The actuator tests were performed as described in Section 2.1. As a result Fig.15 shows a
frequency response plot of the measured transfer function FGEe(s) (comparable to the
transfer function FGE(s) listed in Eq.(6b) in the case of an actuator with mechanical
and electric controls). Due to the nonlinearity in the neighborhood of zero force of the
quasi-statically determined force-electric input voltage characteristic (Fig.16), the mag-
nitude characteristics of the plot shown in Fig.15 are in good agreement with the linear-
ized values taken from the quasi-static curve only at high levels of the electric excita-
tion (and at low frequencies). For stability reasons actuators controlled by electric in-
put signals have to be equipped with a displacement pickup operating in a feedback loop
(Fig.17a). In the case of the actuator used here, this displacement pickup was integrated
in the actuator power cylinder block. During the performance of the actuator tests, also
the frequency response of the transfer function Gx(s) of this displacement feedback loop
was determined.

3.2 Ground vibration test

The ground vibration test was performed in the frequency range from 0 to 140 Hz where
6 eigenfrequencies were determined. The eigenmodes and the modal parameters corresponding
to the two lowest eigenfrequencies are drawn in and 17c. Fig17d shows the rudder
rigid body mode. While performing the tests, no attentilon ad to be payed to the attach-
ment stiffnesses C1 and C2 , for the values of these stiffnesses were by far higher
then the actuator stiffness taken into consideration in the later analysis.
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Fi.1: a) Sketch of rudder/wing model with electric feedback loops.
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3.3 Comparison between measured and calculated results

To check the method proposed here, dynamic response tests and calculations were performed
on the rudder/wing model structure. Thereby the wing was excited by a swept sine signal
with the help of an electrodynamic exciter (see Fig.17a). The aim of the investigations
was to determine the rudder hinge angle B (in form of a polar plot) relative to the ex-citing force signal. The dynamic response calculations were performed in accordance withthe procedure described in Section 2.3 on the basis of the data resulting from the actua-
tor tests as well as from the ground vibration test delineated in Sections 3.1 and 3.2,
respectively.
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As a result of these investigations 2 polar plots of the rudder hinge angle 8 (related
to 2 different levels of the exciting force amplitude) are drawn in F . and g1. Be-
cause of stability reasons the displacement feedback loop shown in Fig.a ha o be con-
sidered when performing these investigations. Figs.18 and 19 show good agreement between

a# [&cd/rn Force 4nItAAe -e#
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Fig.20: Frequency response of the Fig.21: Polar plot of the rudder hinge
acceleration feedback loop. angle B (Consideration of the

acceleration feedback loop).

measured and calculated results. In
ExcingForce Ampitde= ON| these figures the first polar plot

"circle" is attributed to the wing
60 '?0 -11 first bending mode, the second "cir-

,o. N. cle" to the rudder degree of freedom
and the third to the wing second
bending mode. The 45-degree rota-

S6.2 tion of the first "circle" (com-
6T4 pared to the case of a real rudder/

I,/ Jm(13J) \ wing attachment stiffness) is due
r . /-, .

\ to the phase lag characteristics of
0 the actuator admittance.

,- , In a second step the acceleration

A .o0  -'¢-4 added. For stability reasons a fil-
. .0 tering element was integrated into

I ",the electric feedback network. The
Jig/ ,resulting frequency response of the

no Ig . acceleration feedback loop is drawn
_.o -o a, 4 in Fig.20. The corresponding polar

plot of the rudder hinge angle B
is shown in F . Good agreement

0- -o can be observed between measured
4 ,and calculated results in the case

of the wing first bending mode and
_-6. I the rudder rigid body mode. The

discrepancy in the wing second bend-
ing mode case is due to the effect

-a" .,of actuator saturation. Actuator
" "data valid for the saturation con-

dition could not be introduced into
0,:0 the calculations, for the previous

-65 £M..,mv/9 .... 6-, 0.,0?mV/qj actuator tests had not been per-
- - M i, 1V1091..OIvA'! - O-,.00mV/I formed at such high actuator force

levels. Fig.21 shows that due to
the acceleration feedback loop,

Fig.22: Polar plot of the rudder hinge there is a further rotation of the
angle 8 (Consideration of dif- first polar plot "circle" of about
ferent acceleration feedback loops). 20 degrees. The phase lag increase
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has to be attributed to the filtering element in the acceleration feedback loop and to
the phase lag characteristics of the frequency response XEe(i). The rather oval form
of the polar plot "circles" is due to the nonlinear properties of the frequency response
XEe(i.).

The good agreement between measured and calculated results shown in Figs.18,19 and 21 con-
firms the consistency of the method elaborated here. Finally an interesting result may be
shown, obtained by pure calculation on the rudder/wing model structure. Fg22 delineates
the effect of a phase change in the acceleration feedback loop on the ruJder hinge angle
polar plot. Therefrom it is obviously of paramount importance to consider the electric
(active control system) and mechanical (deformations of the steering mechanism rods) prop-
erties of the feedback systems in a correct way when performing aeroelastic qualification
analyses and to exercise care when determining the dynamic properties of these systems,
for they can largely affect the dynamic behavior of the aircraft.

4. Conclusion

Introducing active control systems into modern aircraft design requires the development
of special test and analytical procedures for the aeroelastic qualification of this air-
craft type. The principal problem encountered when performing aeroelastic investigations
on aircraft with active control systems consists in the fact that such elastomechanic
structures cannot be regarded as (quasi-)linear and (quasi-)conservative systems; thus
the limits of validity of many conventional test and analytical procedures are greatly
exceeded.

As a solution to the various problems encountered during the aeroelastic qualification, a
method for the performance of ground vibration tests on aircraft with active control sys-
tems has been described. Thereby the active hydraulic actuators are replaced by passive
dummy actuators. By this step the elastomechanic aircraft structure is linearized and re-
veals conservative properties such that conventional ground vibration test methods can be
applied. Furthermore an experimental-analytical method for determination of the nonlinear
and preload-dependent frequency responses of the actuator transfer functions has been
pointed out which permits the consideration of aircraft active control systems in the gen-
eralized aeroelastic equations by addition of correction terms.

The validity and applicability of the elaborated aeroservoelastic advances has been checked
using the example of a wing model structure with a rudder driven by a hydraulic actuator.
By comparison of the measured and calculated dynamic response of the rudder hinge angle
(for a given excitation of the wing), good agreement could oe shown between the measured
and calculated results. Furthermore it has been presented that recoupling effects due ei-
ther to the mechanical systems (steering mechanisms) or to the electric feedback system
(active control system) can widely affect the dynamic behavior of the aircraft. It is
therefore of primary importance to consider these feedback systems very carefully when
performing aeroelastic qualification tests or analyses.
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